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1. Introduction
In this paper, we will consider the initial boundary value problem to the following compressible
viscoelastic ﬂuid system of Oldroyd model
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
∂tρ + v · ∇ρ + ρ∇ · v = 0,
vt + v · ∇v + ∇ P (ρ)
ρ
= μ
ρ
v + μ
′ + μ
ρ
∇(∇ · v) + 1
ρ
∇ · (ρUU T ),
Ut + v · ∇U = ∇vU ,
(ρ, v,U )t=0 = (ρ0, v0,U0),
(1.1)
together with the boundary condition
v|∂Ω = 0 for t > 0. (1.2)
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pressure P (ρ) is a given state equation with P ′(ρ) > 0 for any ρ . The Lamé coeﬃcients μ and μ′
are assumed to be the constants satisfying μ > 0 and μ′ + μ > 0. Such a condition is satisﬁed in
the physical case, where μ′ + 2μ/N ≈ 0. Moreover, Ω is a domain of Rd for d = 2,3. In this paper,
we always take the domain Ω to be the half space Rd+ = {x ∈ Rd, x3  0}, a bounded region or an
exterior domain of any bounded region with smooth boundary.
System (1.1) is one of the basic macroscopic model for compressible ﬂows exhibiting elastic proper-
ties, which corresponds to the so-called Hookean linear elasticity. For more physical background about
this system, we refer to [4,10].
In the context of hydrodynamics, the motion of the ﬂuid is classically described by a time-
dependent family of orientation preserving diff-isomorphisms x(t, X), 0  t < T . Material points X
in the reference conﬁguration are deformed to the spatial position x(t, X) at the time t . Then the
deformation tensor U˜ (t, X) is deﬁned as
U˜ (t, X)
def= ∂x(t, X)
∂ X
.
When working in the Eulerian coordinates, we deﬁne U (t, x) such that
U
(
t, x(t, X)
)= U˜ (t, X).
Applying the chain rule, we see that U (t, x) satisﬁes the following transport equation
Ut + v · ∇U = ∇vU ,
which stands for
U ijt + vk∇kU ij = ∇kviUkj, for i, j = 1, . . . ,N.
We point out that, in this paper, we will use the notations
∇i = ∂
∂xi
, U ij = ∂x
i
∂ X j
, (∇v)i j = ∇ j vi,
and take the convention of summing over repeated indices.
There are many attempts to capture different phenomena for non-Newtonian ﬂuids, see [3,4,7,10].
The ﬂuid of Oldroyd type is one of the classical non-Newtonian ﬂuids with elastic property. In the
incompressible case, the system takes the form:⎧⎪⎨⎪⎩
Ut + v · ∇U = ∇vU ,
vt + v · ∇v + ∇p = μv + ∇ · (UU T ),
∇ · v = 0,
(1.3)
where the unknown p represents the pressure.
Recently, the system (1.3) has been studied extensively. For the Cauchy problem, the well-
posedness results were established by Lin et al. [10], Chen and Zhang [2], Lei et al. [9] in Hilbert
space Hs and Qian [16] in critical Besov space, while, for the initial boundary value problem, it was
proved by [11] in the bounded domain. The main diﬃculty for (1.3) lies in the lack of damping mech-
anism on U . To overcome it, some important relations are used to show that some linear terms in
850 J. Qian / J. Differential Equations 250 (2011) 848–865the system are in fact high order terms. For example, Lei et al. [9] found the relation
∇kHij − ∇ j Hik = Hlj∇l Hik − Hlk∇l Hi j (1.4)
with H = U − I , which implies ∇ × H is a high order term, while the authors of [2,11] used the
following quantities:
G
def= ∂ X
−1(t, x)
∂x
= U−1, F def= G − I, (1.5)
which was introduced by Sideris and Thomases [18] to study the incompressible isotropic elastody-
namics. An important property of F in (1.5) is that it is curl free.
For the compressible viscoelastic system (1.1), Lei and Zhou [8] proved in R2 the local existence
of smooth solutions for suﬃciently small disturbances from the general incompressible initial data
and its convergence to the global solution of the incompressible equations by means of compactness
argument. As for the global well-posedness of near equilibrium, it was studied recently by our pre-
vious paper [17] in critical Besov space for the Cauchy problem in Rd with d 2 and also by [5]
with nonzero density in critical space independently. Also, we would mention that, there are many
mathematical results concerning the systems when additional damping mechanisms are added, for
which we refer to [1,12] and the references therein.
Let us now outline the main points for the study in this paper. System (1.1) can be a typical ex-
ample of the quasilinear hyperbolic–parabolic systems in [6], for which local well-posedness of initial
boundary value problems have been studied with full generality. When studying the global well-
posedness for the viscoelastic systems, a new diﬃculty arises since there is no boundary condition
for the tensor U , see also [11]. To overcome it, the authors of [11] introduced a physically reasonable
Rd valued function ψ = (ψ1, . . . ,ψd), which can actually be chosen as ψ = X−1(t, x) − x, such that
F ij = ∇ jψ i . One can verify that the function ψ satisﬁes
ψt + v = −v · ∇ψ, (1.6)
and ψ |∂Ω = 0, since v = 0 on ∂Ω . We shall show in Section 2 that the introduced function ψ is also
valid for studying the compressible system (1.1). However, in contrary to the case of incompressible
ﬂow [11], direct usage of the priori estimates for the linear Stokes operator is not suﬃcient for us
to obtain the high order estimates for v and ψ . Here we need a more detailed argument using the
trick of estimating the tangential derivatives and the normal derivatives separately. This is motivated
by [14]. As compared to the compressible Navier–Stokes equations [13–15] and the incompressible
system [11], more intrinsic properties of the ﬂow system are needed to get the dispersive estimates
of U and ρ . See Lemma 3.4, for example. Besides, we would mention that, in this paper, only for the
case of the half space Rd+ is a detailed proof of the a priori estimate given. For the case of bounded
domain and exterior domain, it can be proved by modifying the proof by using the standard technique
in [13] and [14].
The rest of this paper is arranged as follows. Our main results are presented in Section 2 and the
proof of the global existence of small solution will be given in Section 3.
2. The main results
We shall state our main results in this section. Let us begin with the local existence and unique-
ness of the solution of problem (1.1)–(1.2). This does not rely much on the structure of the equations.
Recently, Kagei and Kawashima [6] have proved the local Hs-solvability (s  [n/2] + 1 being an in-
teger) of the initial boundary problem for a general class of hyperbolic–parabolic system. In fact, we
have the following local well-posedness theorem, which directly from the classical result in [6].
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(ρ0, v0,U0) ∈ H2 . Then there exist positive numbers T and C such that problem (1.1)–(1.2) has a unique solu-
tion (ρ, v,U ) ∈ C([0, T ], H2). Moreover, the solution satisﬁes ρt ,Ut ∈ C([0, T ], H1(Ω)), v ∈ L2([0, T ]; H3),
vt ∈ C([0, T ]; L2) ∩ L2([0, T ]; H1) and∥∥(ρ, v,U )∥∥H2  C∥∥(ρ0, v0,U0)∥∥H2 .
Before stating the global well-posedness result, let us review some intrinsic properties of the com-
pressible viscoelastic ﬂuids. These properties reﬂect the underlying physical origin of the problem,
and more importantly, are essential to the proof of the global existence result.
Lemma 2.1. (See [17].) The density ρ and deformation tensor U in (1.1) satisfy
∇ · (ρU T )= 0 and Ulk∇lU i j − Ulj∇lU ik = 0, (2.1)
if the initial data (ρ,U )|t=0 = (ρ0,U0) satisﬁes
∇ · (ρ0U T0 )= 0 and Ulk0 ∇lU i j0 − Ulj0∇lU ik0 = 0, (2.2)
respectively.
Let G and F be deﬁned by (1.5), then the second identity in (2.1) is equivalent to the curl free
property of G or F . From (1.1)3 we can ﬁnd that G satisﬁes
Gt + v · ∇G + G∇v = 0. (2.3)
For further, let X˜(t, x) be determined by {
X˜t = −v · ∇ X˜,
X˜ |t=0 = X˜0. (2.4)
One can verify that X˜(t, x) = X˜(0, X−1(t, x)) and ∇ j X˜ i satisﬁes the same equation as G . So if the
initial data in Theorem 2.1 satisﬁes that G0 = U−10 is curl free and hence Gij0 = ∇ j X˜ i0 for some X˜0, then
the uniqueness of the solution will ensure that Gij = ∇ j X˜ i for the function X˜ determined by (2.4).
By deﬁning ψ = X˜(t, x) − x, we can deduce (1.6) from (2.4). In addition, since v|∂Ω = 0, we have
ψ |∂Ω = 0 if it is satisﬁed for the initial time t = 0.
Now, let us state the theorem of global existence as follows.
Theorem 2.2 (Global existence). Under the assumption of Theorem 2.1, we further assume that the initial data
satisﬁes (2.2) and Gij0 = ∇ j X˜ i0 for some X˜0 satisfying X˜0 − x = 0 on ∂Ω . Then, for any ρ¯ > 0 there exists an
number c0 such that, if
‖ρ0 − ρ¯, v,U0 − I‖2  c0, (2.5)
then (1.1)–(1.2) has a unique solution (ρ, v,U ) ∈ C([0,+∞], H2). Moreover, the above solution decays expo-
nentially to the equilibrium state (ρ¯,0, I) in the case of bounded domain.
Remark 2.1. The estimate satisﬁed by the global solution can be found in Section 3, (3.53).
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In this section, we shall prove the global existence of the solution with small initial data (Theo-
rem 2.2). It suﬃces for us to prove the global a priori estimate. For the ﬁrst, we need to reformulate
the system (1.1) based on the new variables ψ , G and F introduced in Section 2.
By recalling G = I + F , U = (I + F )−1, Gij = ∇ j X˜ i and ψ = X˜(t, x) − x, one can verify that
F ij = ∇ jψ i = ∇ j X˜ i − δi j,
∇k F i j = ∇ j F ik, (3.1)
and
U = I − F + O (|F |2), (3.2)
U jk∇ jU ik =
(
δ jk − F jk + O (|F |2))∇ j(δik − F ik + O (|F |2))
= −∇k F ik + O
(|F |)∇O (|F |)= −ψ i + O (|F |)∇O (|F |). (3.3)
In what follows, we will use the notation
g(F ) = O (|F |), h(F ) = O (|F |2) and f 0 = σ g(F ) + h(F ).
Let ρ = ρ¯ + σ . From the ﬁrst identity in (2.1), we have
∇σ = ρ¯∇ · F T + ∇ · f 0 = ρ¯∇(∇ · ψ) + ∇ · f 0. (3.4)
By using (2.1), (3.2) and (3.3), system (1.1) can be rewritten as⎧⎪⎪⎪⎨⎪⎪⎪⎩
ψt + v = −v · ∇ψ,
vt − μ
ρ
v + ψ − μ
′ + μ
ρ
∇(∇ · v) + ∇ P (ρ)
ρ
= −v · ∇v + g(F )∇g(F ),
σt + ρ¯∇ · v = −∇ · (σ v).
(3.5)
Starting from (3.5), we are going to prove the global a priori estimate for the unique solution
constructed in Theorem 2.1 under the assumption in Theorem 2.2. Let us ﬁrst give the linearized
version of the above system:
⎧⎪⎪⎨⎪⎪⎩
L1(ψ, v) := ψt + v = f 1,
L2(ψ, v,σ ) := vt − μ¯v + ψ − (μ¯′ + μ¯)∇(∇ · v) + γ
ρ¯
∇σ = f 2,
L3(v,σ ) := σt + ρ¯∇ · v = f 3,
(3.6)
with the initial boundary values
(ψ, v,σ )|t=0 = (ψ0, v0,σ0), ψ |∂Ω = v|∂Ω = 0. (3.7)
Here,
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f 1 = −v · ∇ψ,
f 2 = −v · ∇v − μσ
ρ¯ρ
v − (μ
′ + μ)σ
ρ¯ρ
∇(∇ · v) +
(
P ′(ρ¯)
ρ¯
− P
′(ρ)
ρ
)
∇σ + g(F )∇g(F ),
f 3 = −∇ · (σ v),
(3.8)
and
μ¯ = μ
ρ¯
, μ¯′ = μ
′
ρ¯
, γ = P ′(ρ¯).
3.1. Estimates for the linearized system
In this subsection, we shall give some estimates for the linearized system (3.6)–(3.7) in a few
lemmas, which will be used to deduce the a priori estimate. First of all, by taking integration of
−ψ(L1 − f 1)+ v(L2 − f 2)+ γ
ρ¯2
σ
(
L3 − f 3)= 0,
we have
d
dt
(
1
2
‖∇ψ‖2 + 1
2
‖v‖2 + γ
2ρ¯2
‖σ‖2
)
+ μ¯‖∇v‖2 + (μ¯′ + μ¯)‖∇ · v‖2
= ( f 2∣∣v)− ( f 1∣∣ψ)+ γ
ρ¯2
(
f 3
∣∣σ ). (3.9)
Note that vt , ψt satisfy the same boundary condition with v and ψ . By differentiating (3.6) with
respect to t , similarly we can get
d
dt
(
1
2
‖∇ψt‖2 + 1
2
‖vt‖2 + γ
2ρ¯2
‖σt‖2
)
+ μ¯‖∇vt‖2 +
(
μ¯′ + μ¯)‖∇ · vt‖2
= ( f 2t ∣∣vt)− ( f 1t ∣∣ψt)+ γρ¯2 ( f 3t ∣∣σt). (3.10)
By taking integration, we get for l = 0,1,
∥∥∂ lt(∇ψ, v,σ )(t)∥∥2 + t∫
0
∥∥∇∂ lt v∥∥2 + ∥∥∂ lt∇ · v∥∥2 ds
 C
{∥∥∂ lt(∇ψ, v,σ )(0)∥∥2 + t∫
0
|Al|ds
}
, (3.11)
where
A0 =
(
f 2
∣∣v)− ( f 1∣∣ψ)+ γ
ρ¯2
(
f 3
∣∣σ ),
A1 =
(
f 2t
∣∣vt)− ( f 1t ∣∣ψt)+ γρ¯2 ( f 3t ∣∣σt). (3.12)
Noticing that
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σ := σt + v · ∇σ = −ρ¯∇ · v − σ∇ · v, (3.13)
we have the following lemma.
Lemma 3.1. For l = 0,1 and A0 , A1 deﬁned by (3.12), we have
∥∥∂ lt(∇ψ, v,σ )(t)∥∥2 + t∫
0
∥∥∇∂ lt v∥∥2 + ∥∥∥∥∂ lt dσdt
∥∥∥∥2 ds
 C
{∥∥∂ lt(∇ψ, v,σ )(0)∥∥2 + t∫
0
|Al| +
∥∥∂ lt(σ∇ · v)∥∥ds
}
. (3.14)
Next, by taking integration of
v
(
L1 − f 1)+ vt(L2 − f 2)+ γ
ρ¯
∇ · v(L3 − f 3)= 0,
we have
Lemma 3.2. The following estimates holds
∥∥∇v(t)∥∥2 + t∫
0
‖vt‖2 + ‖∇ · v‖2 ds
 C
{∥∥(∇ψ,∇v,σ )(0)∥∥+ ∥∥(∇ψ,σ )(t)∥∥2 + t∫
0
∥∥( f 2, f 3)∥∥2 + ∣∣( f 1∣∣v)∣∣ds}. (3.15)
The following estimates are conﬁned with case of the half space Ω = Rd+ .
Since the tangential derivatives of the solution of (3.6) satisfy the same boundary conditions (3.7),
we can obtain the estimates for these similarly to (3.14), (3.15). Let us denote the tangential deriva-
tives by ∂ = (∂1, ∂2) and integrate the following equalities for each k = 1,2 by using integration by
parts
−∂kψ × ∂k(L1 − f 1)+ ∂kv × ∂k(L2 − f 2)+ γ
ρ¯2
∂kσ × ∂k(L3 − f 3)= 0,
1
ρ¯
∂kv × ∂k(L1 − f 1)+ ∂kvt × ∂k(L2 − f 2)+ γ
ρ¯
∇ · ∂kv × ∂k(L3 − f 3)= 0,
we can get
Lemma 3.3. For k = 1,2, the following estimates holds
∥∥∂k(∇ψ, v,σ )(t)∥∥2 + t∫ ∥∥∇∂kv∥∥2 + ∥∥∥∥∂k dσdt
∥∥∥∥2 ds0
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{∥∥∂k(∇ψ, v,σ )(0)∥∥2 + t∫
0
∥∥∂k−1 f 2∥∥2 + |Ak+1| + ∥∥∂k(σ∇ · v)∥∥ds
}
, (3.16)
∥∥∇∂kv(t)∥∥2 + t∫
0
∥∥∂kvt∥∥2 + ∥∥∇ · ∂kv∥∥2 ds
 C
{∥∥∂k(∇v,∇ψ,σ )(0)∥∥+ ∥∥∂k(∇ψ,σ )(t)∥∥2
+
t∫
0
∥∥(∂k f 2, ∂k f 3)∥∥2 + ∣∣(∂k f 1∣∣∂kv)∣∣ds}, (3.17)
where
Ak+1 =
(
∂k f 1
∣∣∂kψ)+ (∂k f 3∣∣∂kσ ).
Also, by integrating the following equality
−∂kv × ∂k(L1 − f 1)− ∂kψ × ∂k(L2 − f 2)= 0,
and using the fact that
−(∂k∇σ ∣∣∂kψ)= −ρ¯(∂k∇∇ · ψ∣∣∂kψ)− (∂k∇ · f 0∣∣∂kψ)
= ρ¯∥∥∇ · ∂kψ∥∥2 + (∂k∇ψ∣∣∂k f 0),
which is followed from (3.4), we can get
Lemma 3.4. For k = 0,1,2, we have
t∫
0
∥∥∇∂kψ∥∥2 + ∥∥∇ · ∂kψ∥∥ds
 C
{∥∥∂k(ψ, v)(t)∥∥2 + ∥∥∂k(ψ, v)(0)∥∥2
+
t∫
0
∥∥(∂kv,∇∂kv)∥∥2 + ∥∥(∂k f 1, ∂k−1 f 2, ∂k f 0)∥∥2 ds}. (3.18)
Remark 3.1. Although (3.18) holds for k = 0, it can’t be used to estimate ‖∇ψ‖ since there is no
estimate for
∫ t
0 ‖v‖2 ds in the right-hand side.
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μ¯′ + 2μ¯
ρ¯
∂3
dσ
dt
+ 1+ γ
ρ¯
∂3σ
= −vt + μ¯
′ + 2μ¯
ρ¯
∂3(σ∇ · v) + μ¯
[
∂21w
3 + ∂22w3 − ∂3
(
∂1w
1 + ∂2w2
)]
+ ∇ · f 0 + f 2. (3.19)
By multiplying the above identity by ∂3 dσdt , ∂3σ and taking integrate, we can get
∥∥∂3σ(t)∥∥2 + t∫
0
‖∂3σ‖2 +
∥∥∥∥∂3 dσdt
∥∥∥∥2 ds
 C
{∥∥∂3σ(0)∥∥2 + t∫
0
∣∣(∂3(v · ∇σ)∣∣∂3σ )∣∣+ ‖vt‖2
+ ∥∥∂3(σ∇ · v)∥∥2 + ‖∇∂w‖2 + ∥∥∇ f 0∥∥2 + ∥∥ f 2∥∥2 ds
}
. (3.20)
Similarly, by derivation, we can get
Lemma 3.5. For k + l = 0,1,2,
∥∥∂k∂ l+13 σ(t)∥∥2 +
t∫
0
∥∥∥∥∂k∂ l+13 dσdt
∥∥∥∥2 + ∥∥∂k∂ l+13 σ(t)∥∥2 ds
 C
{∥∥∇σ(0)∥∥2k+l +
t∫
0
∣∣(∂k∂ l+13 (v · ∇σ)∣∣∂k∂ l+13 σ )∣∣+ ∥∥∂k∂ l3vt∥∥2
+ ∥∥∂k∂ l+13 (σ∇ · v)∥∥2 + ∥∥∂k+1∂ l3∇w∥∥2 + ∥∥∂k∂ l3∇ f 0∥∥2 + ∥∥∂k∂ l3 f 2∥∥2 ds
}
. (3.21)
We next need the following lemma for the regularity estimates of the Stokes system⎧⎪⎪⎨⎪⎪⎩
∇ · u = h,
−u + ∇q = g,
u|∂Ω = a, u|∞ = 0.
(3.22)
Lemma 3.6. (See [14].) For k = 0,1,2,∥∥∇k+2u∥∥+ ∥∥∇k+1q∥∥ C{‖h‖k+1 + ‖g‖k + ‖a‖
Hk−
1
2 (∂Ω)
+ ‖∇u‖}, (3.23)
where the last term on the right-hand side is necessary in the case of exterior domain, but not for the half space
and bounded domain case.
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of (3.6), we will get by taking u = ∂w in Lemma 3.6.
Lemma 3.7. For l = 0,1,2,
∥∥∇2+l∂w∥∥+ ∥∥∇1+l∂ρ∥∥
 C
{
‖∂vt‖l +
∥∥∥∥∂ dσdt
∥∥∥∥
l+1
+ ∥∥∂(σ∇ · v)∥∥l+1 + ∥∥∂ f 2∥∥l + ‖∇∂w‖}. (3.24)
Remark 3.2. Note that, since we have no estimate for ‖∇w‖ or ‖∇ψ‖ (see Remark 3.1), Lemma 3.6
can’t be used to estimate ‖∇2+lw‖ by taking u = w . Moreover, since there is no boundary condition
for ∂3w , neither can Lemma 3.6 be used to estimate ‖∇2+l∂3w‖.
Finally, to estimate ‖∂ l3w‖, we shall use the following lemma, which is directly from (3.6)2, (3.4)
and (3.13).
Lemma 3.8.We have, for i = 1,2 and l = 0,1,
∥∥∂ l+23 wi∥∥2  C{∥∥∂ l3vt∥∥+ ∥∥∂ l3∂2wi∥∥+ ∥∥∂ l3∂σ∥∥+ ∥∥∂ l3∂(∇ · v)∥∥+ ∥∥∂ l3 f 2∥∥} (3.25)
and
∥∥∂ l+23 w3∥∥ C{∥∥∥∥∂ l+13 (dσdt + 1μ¯σ
)∥∥∥∥+ ∥∥∂ l+13 ∂w∥∥+ ∥∥∂ l+13 (σ∇ · v)∥∥+ ∥∥∂ l3 f 0∥∥}. (3.26)
3.2. The a priori estimate
Now let us deduce the a priori estimate based on the above lemmas. The detailed proof is given
only for the case of half space Ω = Rd+ , which is divided into the following ﬁve steps. For the case
of bounded domain or exterior domain, similar a priori estimate can be obtained by modifying the
proof using the standard technique in [13] and [14] that involves separating the estimates of solution
into that over the region away from the boundary and near the boundary. We refer to [13] and [14]
for the full details of their proofs.
In the following, we use the expression A︸︷︷︸
J
, which implies that the term A is denoted by J .
Step I: Estimates for ‖∇v‖, ‖∇∂ l v‖, ‖∇∂ lψ‖, l = 1,2.
(I1) By Lemma 3.1, l = 0, we have
∥∥(∇ψ, v,σ )(t)∥∥2 + t∫
0
‖∇v‖2 +
∥∥∥∥dσdt
∥∥∥∥2 ds
 C
{∥∥(∇ψ, v,σ )(0)∥∥2 + t∫
0
|A0|︸︷︷︸
J1
+∥∥(σ∇ · v)∥∥2︸ ︷︷ ︸
J2
ds
}
. (3.27)
(I2) From (3.16), k = 1, we have
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0
‖∇∂v‖2 +
∥∥∥∥∂ dσdt
∥∥∥∥2 ds
 C
{∥∥∂(∇ψ, v,σ )(0)∥∥2 + t∫
0
∥∥ f 2∥∥2︸ ︷︷ ︸
J3
+ |A2|︸︷︷︸
J4
+∥∥∇(σ∇ · v)∥∥2︸ ︷︷ ︸
J5
ds
}
. (3.28)
(I3) Plugging (3.27), (3.28) into (3.18) for k = 1, we can get
t∫
0
‖∇∂ψ‖2 + ‖∇ · ∂ψ‖ds
 C
{∥∥(∂v, ∂ψ)(t)∥∥2 + t∫
0
∥∥(∂v,∇∂v)∥∥2 + ∥∥(∂ f 1, f 2, ∂ f 0)∥∥2 ds}
 C
{∥∥(∇ψ, v,σ )(0)∥∥21 +
t∫
0
J1 + · · · + J5 +
∥∥∇ f 1∥∥2︸ ︷︷ ︸
J6
+ ∥∥∇ f 0∥∥2︸ ︷︷ ︸
J7
ds
}
. (3.29)
(I4) From (3.16), k = 2, we have
∥∥∂2(∇ψ, v,σ )(t)∥∥2 + t∫
0
∥∥∇∂2v∥∥2 + ∥∥∥∥∂2 dσdt
∥∥∥∥2 ds
 C
{∥∥∂2(∇ψ, v,σ )(0)∥∥2 + t∫
0
∥∥∇ f 2∥∥2︸ ︷︷ ︸
J8
+ |A3|︸︷︷︸
J9
+∥∥∇2(σ∇ · v)∥∥︸ ︷︷ ︸
J10
ds
}
. (3.30)
(I5) Plugging (3.28), (3.30) into (3.18), k = 2, we can get
t∫
0
∥∥∇∂2ψ∥∥2 + ∥∥∇ · ∂2ψ∥∥2 ds
 C
{∥∥(∂2v, ∂2ψ)(t)∥∥2 + t∫
0
∥∥(∂2v,∇∂2v)∥∥2 + ∥∥(∂2 f 1, ∂ f 2, ∂2 f 0)∥∥2 ds}
 C
{∥∥(∇2ψ,∇v,∇σ )(0)∥∥21
+
t∫
0
J3 + J4 + J5 + J8 + J9 + J10 +
∥∥∇2 f1∥∥2︸ ︷︷ ︸
J
+ ∥∥∇2 f 0∥∥2︸ ︷︷ ︸
J
ds
}
. (3.31)11 12
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(II1) From (3.4), we can see
t∫
0
‖∂σ‖2 ds
t∫
0
∥∥∂(∇ · ψ)∥∥2 + ∥∥∇ f 0∥∥2 ds
 C
{∥∥(∇ψ,∇2ψ, v,∇v,σ )(0)∥∥2 + t∫
0
J1 + · · · + J7 ds
}
. (3.32)
(II2) Plugging (3.28), (3.29), (3.32) into (3.25), l = 0, we can get
t∫
0
∥∥∂23wi∥∥2 ds C
t∫
0
‖vt‖2 +
∥∥∂2wi∥∥2 + ‖∂σ‖2 + ∥∥∂(∇ · v)∥∥2 + ∥∥ f 2∥∥2 ds
 C
{∥∥(∇ψ,∇2ψ, v,∇v,σ )(0)∥∥2 + t∫
0
‖vt‖2 + J1 + · · · + J7 ds
}
. (3.33)
(II3) Plugging (3.28), (3.29) into (3.21), k + l = 0, we get
∥∥∂3σ(t)∥∥2 + t∫
0
∥∥∥∥∂3 dσdt
∥∥∥∥2 + ∥∥∂3σ(t)∥∥2 ds
 C
{∥∥∇σ(0)∥∥2 + t∫
0
‖vt‖2 +
∣∣(∂3(v · ∇σ)∣∣∂3σ )∣∣+ ∥∥∂3(σ∇ · v)∥∥2
+ ‖∂∇w‖2 + ∥∥(∇ f 0, f 2)∥∥2 ds}
 C
{∥∥(∇ψ, v,σ )(0)∥∥21 +
t∫
0
‖vt‖2 + J1 + · · · + J7 +
∣∣(∂3(v · ∇σ)∣∣∂3σ )∣∣︸ ︷︷ ︸
J13
ds
}
. (3.34)
(II4) Plugging (3.34) into (3.26), l = 0, we get
t∫
0
∥∥∂23w3∥∥2 ds C
t∫
0
∥∥∥∥∂3(dσdt + 1μ¯σ
)∥∥∥∥2 + ‖∂3∂w‖2 + ∥∥∂3(σ∇ · v)∥∥2 + ∥∥∇ f 0∥∥2 ds
 C
{∥∥(∇ψ, v,σ )(0)∥∥21 +
t∫
0
‖vt‖2 + J1 + · · · + J7 + J12 + J13 ds
}
. (3.35)
(II5) Plugging (3.30), (3.31) into (3.21), k = 1, l = 0, we get
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0
∥∥∥∥∂∂3 dσdt
∥∥∥∥2 + ∥∥∂∂3σ(t)∥∥2 ds
 C
{∥∥∇σ(0)∥∥21 +
t∫
0
∣∣(∂∂3(v · ∇σ)∣∣∂∂3σ )∣∣
+ ‖∂vt‖2 +
∥∥∂∂3(σ∇ · v)∥∥2 + ∥∥∂2∇w∥∥2 + ∥∥(∂∇ f 0, ∂ f 2)∥∥2 ds
}
 C
{∥∥(∇2ψ,∇v,∇σ )(0)∥∥21
+
t∫
0
‖∂vt‖2 + J3 + · · · + J12 +
∣∣(∂∂3(v · ∇σ)∣∣∂∂3σ )∣∣︸ ︷︷ ︸
J14
ds
}
. (3.36)
(II6) Plugging (3.28), (3.30), (3.36) into (3.24) l = 0, we get
t∫
0
∥∥∇2∂w∥∥2 + ‖∇∂σ‖2 ds
 C
{ t∫
0
‖∂vt‖2 +
∥∥∥∥∂ dσdt
∥∥∥∥2
1
+ ∥∥∂(σ∇ · v)∥∥21 + ∥∥∂ f 2∥∥2 + ‖∇∂w‖2 ds
}
 C
{∥∥(∇2ψ,∇v,∇σ )(0)∥∥21 +
t∫
0
‖∂vt‖2 + J1 + · · · + J12 + J14 ds
}
. (3.37)
(II7) (3.37) plugged into (3.21), k = 0, l = 1, yields
∥∥∂23σ(t)∥∥2 +
t∫
0
∥∥∥∥∂23 dσdt
∥∥∥∥2 + ∥∥∂23σ(t)∥∥2 ds
 C
{∥∥∇σ(0)∥∥21 +
t∫
0
∣∣(∂23 (v · ∇σ), ∂23σ )∣∣
+ ‖∂3vt‖2 +
∥∥∂23 (σ∇ · v)∥∥2 + ∥∥∂∇2w∥∥2 + ∥∥(∂3∇ f 0, ∂3 f 2)∥∥2 ds
}
 C
{∥∥(∇2ψ,∇v,∇σ )(0)∥∥21
+
t∫
0
‖∇vt‖2 + J1 + · · · + J12 + J14 +
∣∣(∂23 (v · ∇σ)∣∣∂23σ )∣∣︸ ︷︷ ︸
J
ds
}
. (3.38)15
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t∫
0
∥∥∂33wi∥∥2 ds C
t∫
0
‖∂3vt‖2 +
∥∥∂3∂2wi∥∥2 + ‖∂3∂σ‖2 + ∥∥∥∥∂3∂(dσdt
)∥∥∥∥2 + ∥∥∂3 f 2∥∥2 ds
 C
{∥∥(∇2ψ,∇v,∇σ )(0)∥∥21 +
t∫
0
‖∇vt‖2 + J1 + · · · + J15 ds
}
. (3.39)
(II9) (3.37), (3.38) plugged in to (3.26), l = 1, yield
t∫
0
∥∥∂33w3∥∥2 ds C
t∫
0
∥∥∥∥∂23(dσdt + 1μ¯σ
)∥∥∥∥2 + ∥∥∂23∂w∥∥2 + ∥∥∇2(σ∇ · v)∥∥2 + ∥∥∇2 f 0∥∥ds
 C
{∥∥(∇2ψ,∇v,∇σ )(0)∥∥21 +
t∫
0
‖∇vt‖2 + J1 + · · · + J15 ds
}
. (3.40)
(II10) Summing up the estimates (3.27)–(3.40), we can get
2∑
l=0
∥∥∂ l(∇ψ, v)∥∥2 + ‖σ‖22 +
t∫
0
‖∇v‖2 + ∥∥∇2w∥∥21 + ‖∇σ‖21 ds
 C
{∥∥(∇ψ, v,σ )(0)∥∥22 +
t∫
0
‖vt‖21 + J1 + · · · + J15 ds
}
. (3.41)
Step III: Estimates for ‖∇2v‖1, ‖∇2ψ‖1.
Applying ∇l to (3.6)1 and multiplying the resultant equation by ∇lψ , we have by taking integration
that
1
2
d
dt
∥∥∇lψ∥∥2 + 1
μ¯
∥∥∇lψ∥∥2 = −(∇l(v − 1
μ¯
ψ
)∣∣∣∇lψ)+ (∇l f 1∣∣∇lψ).
We have by taking l = 2,3 in the above identity,
d
dt
∥∥∇2ψ∥∥21 + ∥∥∇2ψ∥∥21  C{∥∥∇2w∥∥21 + (∇2 f 1∣∣∇2ψ)+ (∇3 f 1∣∣∇3ψ)}. (3.42)
(III1) Plugging the estimates for ‖∇2w‖1 (3.41) in Step II into (3.42), we can get
∥∥∇2ψ∥∥21 +
t∫
0
∥∥∇2ψ∥∥21 ds C
{∥∥(∇ψ, v,σ )(0)∥∥22 +
t∫
0
‖vt‖21 + J1 + · · · + J15
+ (∇2 f 1∣∣∇2ψ)︸ ︷︷ ︸
J
+ (∇3 f 1∣∣∇3ψ)︸ ︷︷ ︸
J
}
. (3.43)16 17
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2∑
l=0
∥∥∂ l v∥∥2 + ∥∥(∇ψ,σ )∥∥22 +
t∫
0
‖∇v‖2 + ∥∥∇2(v,ψ)∥∥21 + ‖∇σ‖21 ds
 C
{∥∥(∇ψ, v,σ )(0)∥∥22 +
t∫
0
‖vt‖21 + J1 + · · · + J17 ds
}
. (3.44)
Step IV: Estimates for ‖vt‖, ‖∇vt‖.
(IV1) From (3.15) and (3.27), we have
∥∥∇v(t)∥∥2 + t∫
0
‖vt‖2 + ‖∇ · v‖2 ds
 C
{∥∥(∇ψ,∇v, v,σ )(0)∥∥2 + t∫
0
J1 + J2 + J3 +
∥∥ f 3∥∥2︸ ︷︷ ︸
J18
+ ∣∣( f 1∣∣v)∣∣︸ ︷︷ ︸
J19
ds
}
. (3.45)
(IV2) From (3.11), l = 1, we have
∥∥∂t(∇ψ, v,σ )(t)∥∥2 + t∫
0
∥∥∇vt(s)∥∥2 + ∥∥∇ · vt(s)∥∥2 ds
 C
{∥∥∂t(∇ψ, v,σ )(0)∥∥2 + t∫
0
|A1|︸︷︷︸
J20
ds
}
. (3.46)
(IV3) Plugging the above two inequality into (3.44) and using the fact that
∥∥∂t(∇ψ, v,σ )(0)∥∥ C∥∥(∇ψ, v,σ )(0)∥∥2,
we can get
‖v‖21 +
∥∥∂2v∥∥2 + ∥∥(∇ψ,σ )∥∥22 + ∥∥∂t(∇ψ, v,σ )∥∥2 +
t∫
0
‖∇v‖22 +
∥∥∇2ψ∥∥21 + ‖∇σ‖21 + ‖vt‖21 ds
 C
{∥∥(∇ψ, v,σ )(0)∥∥22 +
t∫
0
J1 + · · · + J20 ds
}
. (3.47)
Step V: The ﬁnal H2-estimate.
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∥∥∇∂v(t)∥∥2 + t∫
0
‖∂vt‖2 + ‖∇ · ∂v‖2 ds
 C
{∥∥(∇∂v,∇∂ψ, ∂σ )(0)∥∥+ ∥∥(∇∂ψ, ∂σ )(t)∥∥2
+
t∫
0
∥∥(∂ f 2, ∂ f 3)∥∥2 + ∣∣(∂ f 1∣∣∂v)∣∣︸ ︷︷ ︸
J21
ds
}
. (3.48)
(V2) From (3.6)2, we have∥∥∂23 v∥∥ C{‖∇∂v‖ + ∥∥∇2ψ∥∥2 + ‖vt‖ + ‖∇σ‖ + ∥∥ f 2∥∥}. (3.49)
(V3) From the ﬁrst and the third equations of (3.6), we can get
‖∇ψt‖21 + ‖σt‖21  C
{‖∇v‖21 + ∥∥(∇ f 1, f 3)∥∥21}. (3.50)
(V4) Combining (3.47), (3.48), (3.49) and (3.50), we can gather
∥∥(∇ψ, v,σ )∥∥22 + ∥∥∂t(∇ψ, v,σ )∥∥2 +
t∫
0
‖∇v‖22 +
∥∥(∇2ψ,∇σ )∥∥21 + ∥∥∂t(∇ψ, v,σ )∥∥21 ds
 C
{∥∥(∇ψ, v,σ )(0)∥∥22 +
t∫
0
J1 + · · · + J21 ds
}
. (3.51)
(V5) Let us assume that ∥∥(∇ψ, v,σ )(s)∥∥22  δ.
Applying Lemma 3.9 below, we can estimate that
J1 + · · · + J21  C
(
δ + δ2){‖∇v‖22 + ∥∥(∇2ψ,∇σ )∥∥21 + ∥∥∂t(∇ψ, v,σ )∥∥21}. (3.52)
By plugging the above estimate into (3.51) and choosing δ > 0 to be small enough, we ﬁnally get
∥∥(∇ψ, v,σ )∥∥22 +
t∫
0
‖∇v‖22 +
∥∥(∇2ψ,∇σ )∥∥21 + ∥∥∂t(∇ψ, v,σ )∥∥21 ds
 C
∥∥(∇ψ, v,σ )(0)∥∥22. (3.53)
With the above estimate at hand, Theorem 2.2 can be proved immediately. Finally, let us give the
following lemma that will be used to estimate the terms in J1 + · · · + J21, which can be found in [9],
for example.
864 J. Qian / J. Differential Equations 250 (2011) 848–865Lemma 3.9.
(i) For u being a function in the smooth domain Ω of Rd, the following Sobolev inequalities hold.
‖u‖L∞  C‖u‖H2 , for d = 2,3,
‖u‖L4  ‖u‖
1
2 ‖∇u‖ 12 for d = 2,
‖u‖Lq  C‖u‖H1 for d = 3, 2 q 6,
‖u‖L6  C‖∇u‖ for u ∈ H10(Ω) and d = 3.
(ii) If g is a smooth function with g(0) = 0, then for any k 0, g(u) ∈ L∞ ∩ Hk if v ∈ L∞ and
∥∥g(u)∥∥Hk  C‖u‖Hk
for the constant C depending only on g, k and ‖u‖L∞ .
To estimate J1, for example, let us denote c(σ ) = O (|σ |) and we have if d = 3,
∣∣(c(σ )v∣∣v)∣∣ ∥∥c(σ )∥∥L3‖v‖L2‖v‖L6  C‖σ‖1‖v‖‖∇v‖
and if d = 2,
∣∣(c(σ )v∣∣v)∣∣ ∥∥c(σ )∥∥L4‖v‖L2‖v‖L4
 C‖σ‖ 12 ‖∇σ‖ 12 ‖v‖‖v‖ 12 ‖∇v‖ 12
 C‖σ‖ 12 ‖v‖ 12 (‖∇σ‖2 + ‖v‖2 + ‖∇v‖2).
Also, for J9, we have
∣∣(∂2(v · ∇ψ)∣∣∂2ψ)∣∣= ∣∣(∇∂2(v∇ψ)∣∣∇∂2ψ)∣∣

∣∣(∇∂2(v · ∇ψ) − v · ∇(∇∂2ψ)∣∣∇∂2ψ)∣∣+ ∣∣(∇ · v∇∂2ψ∣∣∇∂2ψ)∣∣
 C
(‖∇ψ‖L∞∥∥∇3v∥∥+ ∥∥∇3ψ∥∥‖∇v‖L∞ + ∥∥∇2ψ∥∥L4∥∥∇2v∥∥L4)∥∥∇3ψ∥∥
+ ‖∇v‖∥∥∇3ψ∥∥2
 C‖∇ψ‖2‖∇v‖2
∥∥∇3ψ∥∥+ ‖∇v‖∥∥∇3ψ∥∥2.
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